X 



A.V.Bratchikov * 
Kuban State Technological University, 
2 Moskovskaya Street, Krasnodar, 350072, Russia 



Factorization of correlation functions in coset 

o ■ conformal field theories, 

o 

(N 

Oh: 

< 

in 

(N 

February, 2000 

> 
O 
oo 
O 

psj ■ Abstract 

o ; 

I We use the conformal Ward identities to study the structure of 

■ correlation functions in coset conformal field theories. For a large 

class of primary fields of arbitrary g/h theory a factorization anzatz 
is found. Corresponding correlation functions are explicitly expressed 
in terms of correlation functions of two independent WZNW theories 
^ ■ for g and h. 



Coset theories is an important subclass of two-dimensional conformal in- 
variant QFT's.(For a review see e.g.f^.) The g/h coset theory is based on 
the Virasoro algebra generated by [0, ^ 

K{m) = L%m) - L^{m), m e Z. (1) 

The operator L^{m) is a conformal generator of the Wess-Zumino-Novikov- 
Witten (WZNW) theory [4-6] for the Lie algebra g and h G g. In this paper 
we study the connection between the coset and WZNW theories which follows 
from (0) at the level of correlation functions and primary fields. 

In the case of su{2)/u{l) correlation functions of primary fields may be 
written in terms of correlation functions of the independent WZNW theories 

* bratchikov@kubstu.ru 



1 



for su{2) and u{l) Correlation functions of the g/u{lY, d = 1 . . . rank g, 
cosets have a similar structure. In |^ some correlation functions of mini- 
mal models were expressed in terms of correlation functions of two WZNW 
theories. 

In this paper we show that a large class of correlation functions of arbi- 
trary g/h coset conformal field theory can be expressed in terms of correlation 
functions of two independent WZNW theories for g and h. To find correlation 
functions of coset primary fields we use the conformal Ward identities ||10||.We 
propose an anzatz for coset primary fields and show that the corresponding 
correlation functions satisfy the Ward identities. Different factorization prop- 
erties of g/h coset correlation functions were found in 



The results of this paper are in agreement with those of refs. 
where the g/h WZNW model was studied by using path integral approach. 
We begin with the affine Lie algebra cjk for simple g 

where f"'^'^ are the structure constants of g and k is the central charge. 
The conformal generator L^{m) is given by 



2k + Qg „ 



J2- r{m-n)r{n) :, 



where Qg is the quadratic Casimir in the adjoint representation of ^f. These 
operators satisfy the commutator relations 



[L5(m), L^n)] = (m - n)L%m + n) + 



1^3 N 
— m — m 

12^ ' 



(2) 



g 2k dim g 

^ 2k + Qg' 

where is the central charge. 

Let Gptiz) be the primary field of (jk 

[rim),GRiz)] = z"^GnizK, 



(3) 
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where is the representation of the generators of g for the field Gr{z). In 
the WZNW theory Gr{z) also is the primary field of the Virasoro algebra 

® 



where Qr is the quadratic Casimir of g in the representation R. Here and in 
what follows we treat only the holomorphic part. 

Let /ifc be a subalgebra of g^- We assume that it is generated by J^{m), A = 
1 . . . dim h. The field Gr can be decomposed in the set of some irreducible 
representations of h 

Gniz) =J2Gri{z) = Y.PiGr{z), (4) 

I I 

where Gri{z) belongs to the I's representation and Pi is the corresponding 
projector. The field Gri satisfies the equation 

[J^{m),GRi{z)]=z"^GRi{z)tf, (5) 

where tf is the representation of the generators of h for the field Gri{z) As 
well as Gr{z) the field Gri{z) is the primary field of the Virasoro algebra (0) 

[L3(m), Gri{z)] = z^'+'d^GRjiz) + A^(m + 1)z"'Gri{z), (6) 

Correlation functions of these fields can be computed using correlation func- 
tions of the WZNW theory 

N 

< Gr^i^{zi) . ..Gr^i^{zn) >= Y[Pk < Gri{zi) ■ --GRj^izN) > 

i=l 

The coset conformal generators K{m) (0) satisfy commutator relations 
(0) with the central charge c^f^ = — 0. We shall need the relation 
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[K{m),Gni{z)] = z^^' [d,Gni{z) - : J\z)Gni{z) : j 

+ ^Ri{m+l)z^GRi{z), (7) 

where 

: J\z)Gri{z) := E J''im)z-"'-'GRiiz) + Gmiz) ^ J''(m)z' 

m<0 m>0 



Ari is given by 



where is the quadratic Casimir of h in the representation /. 

Correlation functions of the coset primary fields (pi satisfy the conformal 
Ward identity 



N 



< K{z)(f)i{zi) . . . 07v(ziv) >= \ I ^2 + \ / f < • • • '^^{zn) >, (9) 

j=l [ \Z Zi) Z Zi OZi J 



where K{z) = J2m K{m)z~'^~'^ and Ai, A2, . . . , Aat are dimensions of (pi, (j)2, ■ ■ 
respectively. 

To find a solution of this equation we shall use an auxiliary WZNW 
theory. Let be the auxiliary affine Lie algebra 

[X\m), X^'in)] = if^^'^x^'im + n) + k'm5^^5^+^,,. (10) 

where A, B,G = 1 . . . dim h. The value of k' will be defined later. Let $/ be 
the primary field of the WZNW theory for /i^/ 

|x-^(m),t,(2)] = z'"*i(2)*;-*', (11) 

where t^*^ = —(tf-)'^ and Qh is the quadratic Casimir in the adjoint represen- 
tation of h. Eq. (|l2D was introduced in ref. 0. 

We look for a solution of eq.(PD in the following factorized form 
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ai...ajv 



where ( ■ , ■ ) is the bihnear form 

dim I 

iGniiz),Mz))=Y.GU^Wi^)- 

a=l 

We shall denote 

GRiiz) = {Gniiz),^iiz)). (14) 

It follows from (^ and ( pT]) that Gri{z) commutes with the operator J^{rn) = 
J^{m) + x^(m) 

[j\m),GRi{z)]=Q. (15) 

The vacuum state |0 > is the joint state of the cjk and h^i WZNW theories. 
We shall use the following properties of |0 > 

< 0|J^(m < 0) = J^(m > 0)|0 >= 0, (16) 
< 0|ir„(z) = ir+(z)|0 >= 0, (17) 

where 



K.{z) = Y: K{m)z-'--\ K4z) = E ^( 



mjz 



Let us compute the left-hand side of eq.(P) using correlation functions 
(|T3|). To simplify presentation we assume that \z\ > \zi\ > ... > \zn\- Using 
eqs.(|l3), (0) and (0) we get 
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< K{z)Gr^i^{zi) . . .Grj^Ij^{zn) >=< K+{z)Gr,i^{zi) . . .Gr^i^{zn) > 



(z — ziY z — z\ dzi 



< GriIi (^l) ■ ■ ■ GRnIn (^n) > 



+ < Gr^i^{zi)K+{z) . ..Gr^i^{zn) > H ^ — < TR^hizi) . ..Grj^i^{zn) >,(18) 

Z — Zi 

where 

TR.hi^) = ^^^^{GR,i,iz)t'',:X^{z)<^M :) - ^^^(^ J^{z)Gr,iM ■ t^,^iM)- 
At k' = —k — Qh the field Tr^i^{z) can be written in the form 
Tr.iA^) = -1^^^^- J^{z){GR^,,,{z)tt^i,{z)) :. 
Due to eqs. ([15|) and (|l^) the last term of eq.(|^) vanishes 

< Tr^i^{zi) . ..GRj^l^izN) >= 0. 

Proceeding inductively one can show that the correlation function (0) sat- 
isfies the Ward identity (|^). 

From the arguments presented above it follows that Gri{z) (|14D rep- 
resents the primary field of the g/h coset theory which has the conformal 
dimension (|).We took the fields Gri{z) from the decomposition (^). How- 
ever to prove the factorization only eqs. (|^) and @ were essentially used. 
These equations have other solutions which can be used to construct coset 
primary fields. 

To construct coset currents let us consider the field J{z) = ( J*(z)), J*(z) = 
J2m Jm^~^~^^ i = dim h + 1 . . . dim g. It can be decomposed in the set of some 
irreducible representations of h 



Z . 
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The field Js{z) satisfies eq.(|^) for some tf and eq.(^ with the conformal 
dimension A = 1. According to eq. (0) the coset current corresponding to 
Jsiz) is given by 

Uz) = {Jsiz),<^s{z)). (19) 
It follows from that Js{z) has the conformal dimension 

^ Qs 

where Qs is the quadratic Casimir of h in the representation s. 

Let us consider the g/u{lY, I < d < rank g, coset theory.In this case the 
primary field Gr{z) is decomposed in the set of one-dimensional representa- 
tions of u{lY 

dim R 

Gr{z) = J2 GRf^i^)^ 



[J^{m),GR^iz)]= fi^z^GR,{z), 
where /i = {^^)- A solution of eqs.(|lT]),( |12|) is given by 

$^(2;) =: exp (^--^/i ■ ^{z)^ :, (20) 

^\z) = q^- tx^mogz + z Y: ^^z-\ (21) 

where 

[g^,X^(m)]=z5^^5^,o. (22) 

According to eqs. (p^) and (||) at k' = —k GRfj^{z) = GRfj,(z)^^{z) repre- 
sents the coset primary field which has the dimension A/j^ = Ar — /i^/2fc. 
The correlation function of these fields is given by 

N 

< Gr^^^{zi) . . .Gr^^^{zn) > = < Gr^{zi) . . .Gr^{zn) > [[{Zi - Zj) k . 

i<j 
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This is in agreement with the results of refs.[0, |^. Parafermion g/u{l) 



currents in the form (|T^) were obtained in [|14 . 

The results presented in this paper can be extended in many directions. 
The most important is to study the factorization properties of the W/ h coset 
conformal field theory. It is also interesting to find primary fields and describe 
the corresponding operator algebra. This is presently being studied. 
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